



Non-perturbative effects in the W and Z transverse
momentum distribution1
A. Guanti
Dipartimento di Fisica, Universita di Milano-Bicocca,
Via Celoria 16, 20133 Milano, Italy.
and
G.E. Smye
Cavendish Laboratory, University of Cambridge,
Madingley Road, Cambridge CB3 0HE, U.K.
Abstract
We use the \dispersive method" to investigate non-perturbative eects in the
transverse momentum distribution of vector bosons produced in pp collisions.
The assumption of a non-perturbative modication to the running coupling at
low scales leads to additional contributions in impact parameter space propor-
tional to −b2 log Q2 and −b2. Our results, which we expect to be valid provided
 is not close to 1, are shown to account for a substantial proportion of the
total non-perturbative contribution extracted from data.
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1 Introduction
The measured transverse momentum distributions of W and Z bosons at the Teva-
tron and LHC will provide great insights into the structure of hadrons. Indeed some very
interesting data has already been released [1]. On the theoretical side, the application
of perturbation theory has led to a full next-to-leading order calculation [2] and next-to-
leading log resummations [3, 4, 5, 6]. These are merged to give what is at present our best
perturbative prediction for the distribution. There are two dierent approaches in the lit-
erature [3] to the resummation of these logarithms: either the contributions are resummed
directly in transverse momentum space, or a Fourier transform is performed and the calcu-
lation developed in impact parameter space. These approaches were compared in [4] and
shown to dier only for NNN-leading logs. In this article we will use the impact parameter
formalism, since it is more readily suited to the calculation at hand. Perturbation theory
has however proved insucient to describe experimental data, and it is necessary to include
in calculations large non-perturbative eects. Parametrisations of these contributions have
been proposed [5], and values for parameters have been extracted from data [7, 8]; however
a full theoretical understanding of these eects has yet to emerge.
One technique that has had success in describing non-perturbative eects over a wide
range of QCD observables is the dispersive approach [9]. It is related to the renormalon
model (see [10] for a review) but rests on slightly dierent foundations. The primary
assumption is that one can dene a universal running strong coupling s(k
2) that has no
singularities in the complex plane except for a branch cut along the negative real axis. In
particular there is no Landau pole, which is an unphysical artefact of perturbation theory.
The contribution already accounted for in a xed-order perturbative calculation is then
subtracted o, leaving what is termed the ‘non-perturbative’ correction. The assumption
of universality of the running coupling, and thus of the non-perturbative parameters derived
from it, is most easily tested using data from event shapes in e+e− annihilation [11] and
deep inelastic scattering [12]: these are particularly large corrections all proportional to the
rst moment of the non-perturbative modication to the coupling. Studies indicate that
universality is approximately realised, both giving support to the model, and prompting
potential renements of some calculations [13].
Power corrections to observables in the Drell-Yan process have previously been stud-
ied using the renormalon and dispersive approaches in [14, 15, 16]. In addition, non-
perturbative corrections to a calculation involving a next-to-leading log resummation were
studied for the rst time in the dispersive approach for the e+e− energy-energy correlation
[17]. Here we apply the same technique to the next-to-leading log resummation of the W/Z
transverse momentum distribution. A simplied overview of the perturbative resummation
is presented in section 2, while the power corrections to the distribution are calculated in
section 3. There then follows in section 4 a discussion of the results.
2 Transverse momentum distribution
We recall the perturbative prediction for the transverse momentum distribution in
two stages: rst we consider the emission of a single gluon; and then we resum leading
logarithms arising from multiple collinear gluon radiation, gure 1. Non-perturbative cor-





Figure 1: Vector boson production with collinear gluon emission.
2.1 Single gluon emission
Suppose in the collision of two hadrons P and P 0, a quark and antiquark annihilate into








q(x; 2)q0(x0; 2) + q(x; 2)q0(x0; 2)
]
qq¯(x; x
0; ; 2) ; (2.1)
where q and q are the annihilating species of quark and antiquark respectively, whose
distribution functions in P and P 0 appear above, qq¯ is the parton-level cross-section, and





where Q is the boson mass and
p
s the total energy in centre-of-momentum frame. We
have also explicitly introduced the factorisation scale 2, which is in principle arbitrary but
which (it will be seen below) is naturally chosen for the transverse momentum distribution
to be (b0=b)
2.
In order to nd the dierential p? distribution d=d2p?, where p? is the two-component
transverse momentum of the produced boson, normal to the incident hadron momenta, we
simply insert a factor 2(p? +
∑
i k?i) into the phase-space integral, where here i runs over

























q(x; 2)q0(x0; 2) + ($)
]
^qq¯(x; x
0; ; 2; b) ; (2.4)
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where ^qq¯ is now the cross-section calculated with an additional factor e
ibk⊥ for each real

















q(x; 2)q0(x0; 2) + ($)
]
^qq¯(x; x
0; ; 2; b) :

















(xx0 − ) ; (2.6)
where 4qq¯ is the coupling of the quark q and antiquark q to the vector boson, which in
the case of W production includes the relevant CKM matrix elements.
The O(s) correction comprises contributions from real and virtual gluon emission.
Denoting the 4-momenta of the incoming quark and antiquark p and p0, that of the gluon










(1; 0; 0;−1) (2.7)
and
k = (k0; k? cos ; k? sin ; k3) : (2.8)
To evaluate the real contribution, we note that the squared matrix element is given by
eibk⊥jM j2 = eibk⊥ 1
Nc
[4qq¯] (8sCF )
(p  q)2 + (p0  q)2
(p  k)(p0  k) ; (2.9)









eibk⊥jM j2 = eibQ
p







2 + 2z2 − 4z
]
: (2.11)




























2 + 2z2 − 4z√
(1− z)2 − 4z
: (2.13)
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This is divergent at small  when the gluon becomes soft or collinear with one of the
incoming quarks; we will therefore nd it convenient to separate this logarithmic divergence
from the nite remainder.




















N ] f1 + C1(N; b)−R(N; b)g ; (2.15)
where in the nal term on the right hand side, the 1 represents the Born level contribution,
and the quantity C1 − R the nite and divergent parts of the O(s) correction. The




dx xN−1q(x) : (2.16)














2 + 2z2 − 4z√
(1− z)2 − 4z
:
(2.17)
The z integral may be evaluated as a series expansion in  (see the appendix for details)




















Returning now to the virtual contribution, by expressing the loop integrals as a single

















1− 4 + 1
}
: (2.19)
This also diverges at the lower limit, and thus for the purposes of a full O(s) calculation
a regulator is required, such as dimensional regularisation or, as performed in section 3, a
small gluon mass. But this expression is sucient for obtaining the logarithmic divergences.


















−2 log − 3
}
: (2.21)

























There is a certain freedom in the choice of R, notably in the choice of the upper limit
k2? = Q
2. But this is compensated by the nite contribution C1, which is dened such that
C1 − R gives the full O(s) virtual contribution.
The radiator R contains the logarithmic divergences associated with single-gluon emis-
sion. It is a non-trivial function of N , but can be simplied by a wise choice of factorisation
scale. We begin by splitting the radiator into three pieces


















































The rst two pieces may be simplied by making the de facto approximation of the
Bessel function:
[1− J0(bk?)]  (bk? − b0) ; (2.27)
where b0 = 2e




















































where  is the factorisation scale which appears in the quark distributions. On application


















where the nite contribution arising from the O() term in equation (2.30) has been ab-
sorbed into C1. Let us therefore choose the factorisation scale to be 
2 = (b0=b)
2, in order
that the terms R2 and R3 cancel. Alternatively, since these contributions are proportional
to the non-singlet anomalous dimension, starting from any factorisation scale 2 the terms
R2 and R3 may be absorbed into the parton densities by means of a scale change to (b0=b)
2.
















f1 + C1(N; b)− R(b)g ; (2.32)
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and the remaining O(s) contribution is to be found in C1.
2.2 Multiple gluon emission
Consider now the case in which many gluons are emitted before the vector boson is
produced. Each splitting contributes to the total transverse momentum of the event: we
are interested only in the contributions from soft and collinear logarithms, which may be
calculated using the collinear approximation.
Let the 4-momenta of the incident hadrons be P and P 0. In the centre of momentum









(1; 0; 0;−1) ; (2.34)
where s is the total energy of the collision.
Suppose the (anti)quark in P has momentum fraction x; and let it radiate n gluons
with momenta ki, (i = 1;    ; n). We may write the Sudakov decomposition
ki = iP + iP
0 + k?i ; (2.35)









Let zi be the fraction of remaining longitudinal momentum retained by the (anti)quark
at the ith splitting, i.e.









x−∑i−1j=1 j : (2.38)
















ibk⊥i cos  ; (2.39)
where i is the azimuthal angle of the ith gluon. Since we are considering collinear emission,
the phase space is subject to the condition i > i, which translates in our approximation
to




This boundary is not the boundary of physical phase space; rather it is imposed as part
of the collinear approximation. It is necessary therefore to check that any dependence
in our calculation on this limit is a genuine physical eect and not an artefact of the
approximation.
We may treat radiation from the other incoming (anti)quark in the same way, but with















































2(xx0z1    znz01    z0n′ − ) :

















where the real emission radiator is











1− z : (2.43)
We then take into account virtual gluon radiation using the universal virtual contribu-












1− z ; (2.44)


























2; bk?; N) : (2.46)
where
G(k2?=Q





















It should be noted that:
 This result is strictly valid provided N is not too large, which here means approx-
imately N < Q=k?, since as N ! 1 the contribution from real emission in (2.45)
vanishes. But we are not interested in such large values of N , since they correspond
to values of  close to 1, while for vector boson production at the LHC or Tevatron
the order of magnitude is   0:01.
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 The terms of order k2?=Q2 do not generate logarithmic divergences: they are thus
included in the nite contribution to the cross-section and therefore do not feature in
the radiator. The term of order k?=Q is a spurious artefact of the collinear approxi-
mation, that is not present in the single-gluon result. The collinear approximation is
thus valid only for logarithm resummation, and may not be used for determinations
of power corrections [15].
The decomposition of the radiator proceeds just as in the single-gluon case. The fac-
torisation scale is naturally chosen to be 2 = (b0=b)




































and the remaining contribution to xed order in perturbation theory is given by the factor
C(s) = 1 + C1(N; b) +O(2s) : (2.50)











































(67− 32)CA − 20TRnf
9
: (2.53)
Having now recalled the perturbative contribution to the transverse momentum distri-
bution, we are in a position to calculate non-perturbative eects from the modication to
the coupling at low scales.
3 Non-perturbative contribution
The dispersive approach to power corrections [9] has been applied to a variety of QCD
observables. The basic postulate is that we may dene a universal running strong coupling
s(k
2) that is well-behaved in the infra-red as well as in the ultra-violet, having no singu-
larities in the complex plane apart from a branch cut along the negative real axis. We may





















Non-perturbative contributions to the transverse momentum distribution arise from the
modication to the running coupling at low scales:
s(k
2) = PTs (k
2) + s(k
2) ; (3.3)
where the contribution PTs , given in (2.52), is that already accounted for in the perturbative
part of the calculation. In the dispersive approach the corresponding modication to the
spectral function, s(k














where (sCF=2)C(k2=Q2) is just the single-gluon contribution to C(N; b) calculated as
though gluon has mass k2. As customary we dene  = k2=Q2.
The coecient function has contributions from both real and virtual gluons. Consider













2( + z2− 2z2 + 2z2 + 22z2 + 2z2)
( + z)2
√
(1− z + z)2 − 4z( + )
(3.5)
where the upper limit on the z integral is
Z(; ) =
(1 + 2 + )− 2
√
( + )(1 + )
(1− )2 (3.6)
Note how this reduces to perturbative case (2.17) when we put  = 0.
In order to proceed with this integral we expand the Bessel function. We require only
those terms that are non-analytic in  as  ! 0, and these are generated at the lower limit












+   
)

2( + z2− 2z2 + 2z2 + 22z2 + 2z2)
( + z)2
√
(1− z + z)2 − 4z( + )
: (3.7)








1− z − z tanh
−1
√
(1− z − z)2 − 4z2
1− z − z
−Q(z; )
√




where the functions P and Q are given by
P (z; ) = 4 + 4(1 + )2z2 + 2b2Q2z(1− z + z2 − z + 2z2 + 2z2) (3.9)
Q(z; ) = 4 +
b2Q2
6z
(1 + z + z2 + z + 10z2 + 2z2) : (3.10)
We then make the substitution
 = tanh−1
√
(1− z − z)2 − 4z2
1− z − z z =
1




which leads to the expression for the characteristic function
Creal() = 4IN + 2b2Q2IN+1 + 4(1 + )2IN+2 − 2(1 + )b2Q2IN+2 + 2(1 + )2b2Q2IN+3
−2
3
b2Q2JN+1 − 16JN+2 − 23(1 + )b2Q2JN+2 − 23(1 + 10 + 2)b2Q2JN+3 ; (3.12)


















Using the values of these integrals given in the appendix, we obtain the contribution from
real gluon emission as:
Creal() =
{
2 + (2S1(N) + log )





















2(2S1(N) + log )
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2 + (2S1(N) + log )











(2S1(N) + log )
}
+    : (3.14)
Now we turn to the virtual contribution. Since the virtual gluon does not contribute
to the transverse momentum of the vector boson, we obtain the same as that calculated in
[9] for the total Drell-Yan cross-section, which is
Cvirt = (1 + )2
{







− 2− (3 + 2) log 
=
(














The power correction is most conveniently expressed in terms of moments of the modi-












where D() is the discontinuity of C() across its branch cut:






The leading term in the characteristic function is the log  divergence proportional to the
anomalous dimension: this is subtracted o and absorbed into the parton density functions.
From the nite contribution we obtain
D() = −2
{















+    : (3.18)
The b-independent term on the rst line gives the 1=Q2 corrections to the total cross-section
calculated in [9]. Of particular relevance to the transverse momentum distribution is the
b-dependent term on second line, which gives the correction





































The extent of our knowledge of A2 and A02 is [17, 18] that A2  0:2 GeV2 and A02 is at
present unconstrained but appears consistent with zero.
4 Results and discussion
In the previous section we derived the non-perturbative 1-gluon contribution to the
transverse momentum distribution in impact parameter space, which by performing the








1− b2W (; b)
]
(4.1)











2)q0(x0; (b0=b)2) + ($)
]
(xx0 − ) ; (4.2)
and the non-perturbative component is




















Figure 2 shows a plot of W (; b) against  at xed values of b, for on-shell Z0 production
with A2 = 0:2 GeV2, A02 = 0, evaluated using the MRST (central gluon) distributions [20];
the slight dependence of W (; b) on b is logarithmic, coming only from the scale of the
parton distributions. It is also clear from the gure that the result given here is not valid
near  = 1: it becomes negative and diverges logarithmically. This is because our expression
for the Mellin transform was valid for N not too large (equation (2.47) in the perturbative
case, and analogously though not so obviously in the non-perturbative calculation), i.e.
N < Q=k?, while as  ! 1 the large moments become important. The approximation is
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τ
Figure 2: Graph of W (; b) against  for b = 1 GeV−1 (solid line), b = 0:1 GeV−1 (dotted)
and b = 0:01 GeV−1 (dashed), evaluated at the Z mass with A2 = 0:2 GeV2 and A02 = 0.
We thus predict a non-perturbative correction that behaves quadratically in b near
b = 0, in agreement with existing models based on a Gaussian suppression factor [5]. We
can make our result Gaussian also by exponentiating:
1− b2W (; b)  e−b2W (;b) : (4.4)
Whether or not the power correction does exponentiate is an open question | intuitively
it seems reasonable, since we expect contributions from all soft gluons, not just the gluon
nearest the hard vertex; yet it is not proven and should be treated with care, since exponen-
tiation normally applies to collinear and soft logarithms, while the power corrections come
from terms that converge in the infra-red. Nevertheless there are several good reasons for
at least studying the exponentiated correction. Firstly, the integral (4.1) diverges at large b
due to the non-perturbative contribution growing as b2, while the exponentiated expression
is convergent. At small b, where the non-perturbative correction is small, whether or not
we choose to exponentiate makes minimal dierence.
Secondly, we can consider the dierence between the exponentiated and un-exponenti-
ated expressions to give a measure of the theoretical uncertainty in our calculation, since
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we expect higher orders to contribute at approximately this level. Thus at small b the error
is very small, while at large b it becomes huge. This has the same pattern as the general
impact parameter formalism, which suers from considerable uncertainties at large b due
to the parton distributions becoming unknown.
Finally, there have been some fairly reasonable phenomenological ts of Gaussian mod-
els to data, such as performed in [8]. A two-parameter t yielded the non-perturbative





















+ b [0:09 GeV log(100xx0)] : (4.6)










at  = 0:01 ; (4.7)
where we have used A2 = 0:2 GeV2 and A02 = 0. It is seen that this accounts for a
substantial portion of the total non-perturbative function tted to the data; however the
 -dependence of the tted forms (4.5) and (4.6) diers so greatly from that predicted here
that it is hard to give more than this qualitative statement. A full t to data is beyond the
scope of this current article, but such a t would be a further test of the dispersive model of
power corrections, would enable one to extract a value for the unknown non-perturbative
parameter A02, and would test the assumption of universality which predicts A2 = 0:2 GeV2
from DIS structure functions [18].
An alternative approach to the non-perturbative contribution (3.19) would be to inter-
pret part of it as a shift in the scale at which the parton distributions are evaluated. We
may write the contribution as










































The rst term on the right hand side of (4.8) then shifts the factorisation scale from (b0=b)
2
to (b0=b)

























 −3 GeV2 ; (4.11)
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where in obtaining the approximate numerical value, the running of s is neglected.
So a negative correction to the factorisation scale is predicted, in addition to which
there is the remainder of the non-perturbative contribution calculated above. Thus instead








1− b2W^ (; b)
]
(4.12)











2 + 2)q0(x0; (b0=b)2 + 2) + ($)
]
(xx0 − ) ;
(4.13)
and the non-perturbative component is














1− z + 2z2
)
: (4.14)
Figure 3 shows a plot of W^ (; b) against  at xed values of b. Again there is a slight
logarithmic dependence of W^ (; b) on b, coming from the scale of the parton distributions.
Note however that W^ as a function of  is very much flatter than W was, since we have
absorbed the most singular behaviour into the parton density functions. However this
advantage is to some extent oset by the fact that the shift of about {3 GeV2 in the
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W
Figure 3: Graph of W^ (; b) against  for b = 0:5 GeV−1 (solid line), b = 0:1 GeV−1 (dotted)
and b = 0:01 GeV−1 (dashed), evaluated at the Z mass with A2 = 0:2 GeV2 and A02 = 0.
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Appendix
In this appendix are included some technical details of the calculations.
(i) Integral (2.17):





2 + 2z2 − 4z√
(1− z)2 − 4z
: (A.1)
To this end we divide the integration region at z = 1−p=, where p    1,
and take each part separately. Since  is an arbitrary quantity, we consistently discard
all terms that vanish as  ! 0.



























The contribution from the second integration region can be evaluated by substituting
z = 1 + 2− 2
√
(1 + u + ) and expanding in  to obtain
L2() =
















Adding together the two contributions (A.2) and (A.4) gives the infra-red divergent
part as shown in (2.18). Note also that the term in
p
 cancels | the fact that
in the collinear approximation a 1=Q term remains indicates that it is not a valid
approximation for studying power-suppressed corrections.
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(ii) Approximation (2.27):






[1− J0(bk?)] fi(k2?) : (A.5)
Let us dene the function
Fi(













2; Q2)J 00(x) : (A.7)
Further, by inserting the appropriate functional form of fi(k
2
?) into (A.6), we see that
Fi((x=b)
2; Q2) is some function of log(x=b) which is slowly varying in x compared with
the oscillating J 00(x). We may therefore extend the range of integration to innity,
and expand in log x about x = b0:
Fi((x=b)
2; Q2) = Fi((b0=b)
2; Q2) + F 0i ((b0=b)
2; Q2) log(x=b0) +    ; (A.8)
where here F 0i  @Fi=@ log x, and the higher derivatives have correspondingly fewer
logarithms. Then, since∫ 1
0
dx J 00(x) = −1
∫ 1
0
dx J 00(x) log(x=b0) = 0 ; (A.9)









Thus the Bessel function 1 − J0(bk?) may be replaced in the radiator by the step
function (bk? − b0) to the accuracy we are using.
(iii) Integrals (3.13):





































z2 − 1 log(z +pz2 − 1)
(1 + − 2pz)N ;(A.11)






This contour encloses poles in the integrand at z = 0 and z = (1 + )=(2
p
). The
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